Abstract. Let H be a uniform pro-p group. Associated to H are rigid analytic affinoid groups Hn, and their "wide open" subgroups H • n . Denote by D la (H) = C la (H) ′ b the locally analytic distribution algebra of H and by
Introduction
Let Q p ⊆ F ⊆ E be finite extensions of Q p . Locally analytic representations of locally F -analytic groups as introduced by Schneider-Teitelbaum [9] have occupied a central stage in the p-adic local Langlands program in recent years. For a compact F -analytic group G the locally analytic distribution algebra D la (G, E) associated to G carries the structure of a Fréchet-Stein algebra, and the category of coadmissible modules over D la (G, E) is, by definition, anti-equivalent to the category of admissible locally F -analytic representations of G over E, cf. [10] .
To describe the main results of this paper, we assume in the introduction that the base field F is Q p . Throughout this paper we denote by H a uniform pro-p group. There is canonically associated to H a rigid analytic affinoid group H and a sequence of affinoid subgroups H n ⊂ H, for n ∈ N. Each H n in turn contains a canonically defined "wide open" subgroup H is the strong dual of the space of E-valued locally analytic functions on H. The multiplication on D la (H, E) is a convolution product. Furthermore, denote by C la (H, E) H • n −an ⊂ C la (H, E) the subspace of functions which are rigid analytic for the translation action of H ′ b be its strong dual space, which is again equipped with the structure of an E-algebra. The inclusion C la (H, E) H • n −an ֒→ C la (H, E) induces by duality a morphism of Ealgebras
If V is an admissible locally analytic representation of H over E, then, by definition, the continuous dual space V 3) The functor V V H • n −an from the category of locally analytic admissible H-representations to the category of E-vector spaces is exact.
Most probably the results in this note are well known to the experts. But the author has not seen 1.3 or 1.5 stated like this in literature.
1 It will be clear to the reader how much this paper owes to the profound work done in [10] and [5] .
Notation and conventions. As above, let Q p ⊆ F ⊆ E be finite field extensions. We denote by O F the ring of integers of F . Further, we denote by |.| the unique extension to E (resp F ) of the p-adic absolute value |.| p on Q p normalized by |p| p = p −1 .
1 After a first version of this paper was written and posted on arXiv, it was pointed out to us that the results of this paper are contained in the appendix of the preprint [4] . While the arguments given here and in the appendix of [4] are similar, we make heavier use of the results of [10] and place more emphasis on the interaction of Fréchet-Stein and weak Fréchet-Stein structures. Moreover, our treatment of good analytic subgroups is based on the concept of uniform pro-p groups and thus offers an alternative and self-contained point of view.
Preliminaries
2.1. Weak Fréchet-Stein algebras. For general background on locally convex vector spaces over non-archimidean fields we refer the reader to [7] and [5] . For a locally convex E-algebra A the notion of a weak Fréchet-Stein structure on A has been defined in [5, Def 1.2.6] . We recall the definition here.
Let A be a locally convex E-algebra, a weak Fréchet-Stein structure on A consists of the following data:
(1) A sequence {A n } n of hereditarily complete, locally convex topological Ealgebras A n , for each n ≥ 1.
that is a continuous homomorphism of locally convex topological E vectors spaces, for each n ≥ 1. (3) An isomorphism of topological A-modules A ∼ = lim ← −n A n , where each of the maps A → A n has dense image. The right hand side is given a projective limit topology from the transition maps induced from part (2).
Such a locally convex topological algebra A with a choice of weak Fréchet-Stein structure is called a weak Fréchet-Stein algebra.
Example 2.2. The locally analytic distribution algebra of Z p . Let D la (Z p , E) be the strong dual of the space of locally analytic functions Z p → E. We observe that
By compactness of Z p it follows that
and hence by [7, Prop. 16.10 (iii)]
Where the spaces are topologized by the locally convex inductive and projective limit topology respectively with the natural restrictions (and their duals) as transition maps. Let us set 
a n T n lim n→∞ a n R n = 0 for some R > r n is the set of overconvergent functions on a closed disk of radius r n := |p|
Let us denote by ∂ the generator of the Lie algebra of Z p , given by
are Noetherian Banach algebras and the locally convex inductive limit topology coincides under this identification with the natural topology of the space of overconvergent functions. Each of the natural restriction maps
n defines a Fréchet-Stein structure (whose definition is recalled below) on D la (Z p , E).
Next we recall the notion of coadmissible modules over weak Fréchet-Stein algebras and the stronger notion of Fréchet-Stein algebras. (1) A sequence {M n } n≥1 of finitely generated topological A n -modules, for each n ≥ 1.
where the right hand side is given a projective limit structure and topology from the transition maps induced from part (2).
Remark 2.4. The completed tensor product in 2.3 (2) is defined as follows, cf. [5, after 1.2.3] . If V and W are two locally convex E-vector spaces then the locally convex projective tensor product topology on V ⊗ E W is the universal topology for jointly continuous bilinear maps V × W → U of locally convex E-vector spaces. We let V ⊗ E,π W denote V ⊗ E W equipped with this projective tensor product topology. Let A → B be a continuous homomorphism of locally convex topological E-algebras and let M be a locally convex topological A-module. If B ⊗ A M is endowed by the quotient topology obtained by regarding it as a quotient of B ⊗ E,π M , then B ⊗ A M is a locally convex topological B-module, cf. [5, 1.2.3] . We let B ⊗ A M be the completion of the locally convex E-vector space B ⊗ A M , cf. [7, 7.5] . By 2.5. Given a weak Fréchet-Stein algebra A, with a weak Fréchet-Stein structure A ≃ −→ lim ← −n A n , and a coadmissible A-module M , a sequence {M n } n as in 2.3 (1) is referred to as an {A n } n -sequence for M . We let pr
M• n
: M → M n be the map with is the composition of the chosen isomorphism M ≃ −→ lim ← −n M n followed by the canonical projection lim ← −n M n → M n . We also recall that if M is a coadmissible module with respect to a certain weak Fréchet-Stein structure then it is coadmissible with respect to any weak Fréchet-Stein structure on the same algebra [5, Prop. 
is an isomorphism for all n ≥ 1. 
We will also need the following properties of algebras of compact type.
be an E-algebra of compact type with Noetherian Banach algebras C (m) over E.
(i) A finitely generated module P over C has a a unique compact type topology P ≃ −→ lim − →m P m , called the canonical topology, such that C × P → P is a continuous map. We can choose each P m to be a finitely generated module over C (m) .
(ii) A finitely generated C-submodule of P is closed in the canonical topology.
(iii) Any C-linear map between finitely generated C-modules is continuous and strict with respect to the canonical topology of part (i).
Our main goal in this section is to prove the Theorem 2.11. Let A be a weak Fréchet-Stein algebra with a weak Fréchet-Stein structure A ≃ −→ lim ← −n A n , where each A n is assumed to be an E-algebra of compact type. Suppose {B n , τ B n+1,n } n≥1 is a projective system of left Noetherian Banach E-algebras with the following properties
is an isomorphism of topological E-algebras, with the additional property that the sequence {B n , τ B n+1,n } n≥1 is a Fréchet-Stein structure on A.
M n be a coadmissible module with respect to the weak Fréchet-Stein structure given by {A n } n , with each M n a finitely generated A n -module equipped with the canonical compact type topology. Then the canonical map
Remark 2.12. When we assume in the statement of the preceding theorem that the sequence {B n , τ B n+1,n } n≥1 is a Fréchet-Stein structure on A, then this means that the following conditions are supposed to be satisfied:
(1) For every n ∈ N the transition map τ B n+1,n : B n+1 → B n makes B n a right flat B n+1 -module. As each B n is assumed to be a Banach algebra, it is hereditarily complete, cf. [5, after Def. 1.1.39].
Proof. As mentioned in 2.8, this is an adaptation of the argument in [10, Cor. 3.1] . Instead of assuming that the A n are Noetherian we generalize it for algebras of compact type using lemma 2.10. We also mention that the proof of the injectivity of φ n given below is essentially the same as the proof in [10, Cor. 3.1] with additional details furnished.
(i) Surjectivity. We consider B n as an A-module via the map pr
B• n
: A → B n introduced in 2.12. By 2.5 M is also a coadmissible module for the Fréchet-Stein structure
is an isomorphism, and B n ⊗ A M is hence a finitely generated B n -module (because M B n is a finitely generated B n -module). Furthermore,
and the image of φ n is thus dense in M n . Density and closedness of the image shows that φ n is surjective.
(ii) Injectivity. We will use the surjectivity result from above to prove injectivity of φ n . Suppose
For ℓ ≥ n we consider the map
Let us denote the kernel of this map by N ℓ . Thus, for each ℓ ≥ n we have an exact sequence
Setting N = lim ← −ℓ N ℓ and passing to the projective limit (which is left exact), we get an exact sequence
where the rightmost map is given by (a 1 , . . . , a r ) → a 1 .x 1 +. . .+a r .x r . The category of coadmissible modules is closed under taking kernels [5, Thm. 1.2.11 (ii)], [10, Cor. 3.4 (ii)]. In particular N is a coadmissible module with the corresponding {A ℓ } ℓ -sequence {N ℓ } ℓ . Further, N ℓ is a finitely generated module over A ℓ (by definition of "coadmissible module") and it then follows from the above argument that the map from id An ⊗ pr N• n : A n ⊗ A N → N n is surjective. We can then find elements (c It follows that
The third equality follows from a n .pr (1) H is finitely generated as a pro-p group.
(2) For all i the p-th power map x → x p induces an isomorphism of abelian groups
If H is a topologically finitely generated powerful pro-p group, then P i+1 (H) = {x p i | x ∈ H} for every i ≥ 0, cf. [3, 3.6 (iii) ]. If H is uniform pro-p, then the map x → x p i is a homeomorphism H → P i+1 (H), in particular, each element z ∈ P i+1 (H) has a unique p i -th root in H which we denote by z p −i .
3.2.
The Z p -Lie algebra associated to a uniform pro-p group [3, sec. 4.3, 4.5]. In this paragraph, let H be a uniform pro-p group, and set H n = P n+1 (H) = {x p n | x ∈ H} for n ≥ 0. For x, y ∈ H, the element x exists in H and gives H the additional structure of an abelian group. The multiplication Z × H → H extends continuously to Z p × H → H, and provides (H, +) with the structure of a finitely generated free Z p -module, whose rank is equal to the minimal number of topological generators of H. u n (X, Y ) , whose terms u n (X, Y ) are in the free associative Q-algebra generated by two variables X and Y . If we denote by [f, g] = f g − gf the commutator of two elements in this ring, then we have the following formulas denotes an iterated commutator, and the q e are certain constants in Q. If L is a powerful Z p -Lie algebra, then for any x, y ∈ L each term u n (x, y), which a priori is in L ⊗ Q, lies actually in L, and the series Φ(x, y) converges in L. Moreover, the map 
where each Φ j is a power series in the ring O x 1 , . . . , x d , y 1 , . . . , y d of strictly convergent power series in x 1 , . . . ,
. Via those isomorphisms we define a comultiplication
. This gives the affinoid space
the structure of a rigid analytic group, which is independent of the choice of the basis (∂ j ) j made above. More generally, if ̟ is a uniformizer of F , then we denote by H n ⊂ H the rigid analytic affinoid subgroup that one obtains by replacing L H by ̟ n L H . If exp H : L H → H is the exponential map as in 3.2, then the group of F -valued points of H n is exp H (̟ n L H ).
It follows from the discussion in [5, p. 100] that for any n ≥ 0 the rigid analytic group H n is a good analytic subgroup of H, using the terminology introduced by Emerton in [5] . Thus the subsequent constructions of distribution algebras, recalled in the next section, apply in our setting. 
Distribution Algebras (summary of results)
We recall that E/F denotes a finite field extension. Given a compact, locally Fanalytic group G we let C la (G, E) be the locally convex E-vector space of locally F -analytic functions G → E. The space C la (G, E) is of compact type and is a locally F -analytic representation of G via the right regular action of G, i.e., g.f (x) = f (x.g −1 ) (cf. [9, sec. 2] for details of the construction and the topology on the space). The strong dual
is an E-Fréchet space and it has an E-algebra structure with convolution product as multiplication. For future use we note that for each g ∈ G we have the delta distribution δ g ∈ D la (G, E) defined by δ g (f ) = f (g).
From now on we fix an F -uniform pro-p group. Given a wide open rigid analytic group H
• n as above, we let
be the analytic distribution algebra of Emerton, cf. [5, 2.2.2]. Moreover, we consider the E-algebra
which is the strong dual of the H
where 
It is shown in the proof of [5, 5.3.19 ] that for every n ≥ 0 there exists a m n ∈ N such that the natural map D(H
Moreover we have the following important results. (ii) There exists a natural isomorphism of topological E-algebras 
This isomorphism makes D(H
(ii) The inclusions D(H 
(ii) This is stated after equation (5.3.20) in the proof of [5, 5.3.19 ].
(iii) [5, 5.3.19] .
As a consequence of the previous theorem we obtain the following flatness results. 
(ii) The natural map
Stein structure, cf. 4.3 (iii), the map pr
is flat by [10, Rem. 3.2] .
(ii) This follows from part (i) and 4.3 (ii).
5. Application to rigid analytic vectors 5.1. Admissible representations and rigid analytic vectors. Let G be a locally F -analytic group, and let V be an admissible locally analytic representation of G on an E-vector space V , as introduced in [10] . This means that the dual space M := V ′ b , equipped with the strong topology, is a coadmissible module over the locally analytic distribution algebra D la (H, E) for any compact open subgroup H ⊂ G. In the following we will assume that H is an F -uniform pro-p group.
6
Whereas the definition of "coadmissible" in [10] is based on the key result that D la (H, E) is a Fréchet-Stein algebra, we are here rather interested in the weak Fréchet-Stein structure given by
as follows from [5, 6.1.19 ] and its proof. We note here, that even though there is a natural continuous injection from V H • n −an → V , the space V H • n −an is topologized as a closed subspace of C an (H, V ), where C an (H, V ) is the space of V -valued F -rigid analytic functions on H, cf. [5, 3.3.1, 3.3.13] . Usually this intrinsic topology on V H • n −an does not conincide with the subspace topology induced on it as a subspace of V . Therefore, by 2.9, the canonical map D(H
The next result shows that the same is true for the ordinary tensor product instead of the completed tensor product. 
, with m n as in 4.1. Then, because of 4.2 and 4.3 we can apply 2.11, and deduce the assertion above.
Theorem 5.3. Let H be an F -uniform pro-p group, and let H
• n be defined as in 3.7. The functor from the category of locally analytic admissible representations of H over E to the category of E-vector spaces given by 6 Any such G has a fundamental system of open neighborhoods of the identity element which are F -uniform pro-p groups.
is exact for every n ≥ 1.
, Mod E , resp.) the category of admissible locally analytic H-representations on E-vector spaces (coadmssible D la (H, E)-modules, finitely generated D(H • n , H)-modules, E-vector spaces, resp.). The functor in question is a composition of three functors 
be an exact sequence of coadmissible modules. Consider the sequence of dual spaces 
is exact too.
6. Example: a weak Fréchet-Stein structure on D la (Z p , E)
Let us consider the locally analytic functions C la (Z p , E). This is a locally convex E-vector space with a compact-type topology and is naturally a Q p -analytic representation over an E-vector space of Z p . The dual D la (Z p , E) naturally inherits the structure of a Fréchet space. Let X be the rigid analytic open unit disc centered at 0 over E, then we can show for any z ∈ X(C p ) and a ∈ Z p the function κ z (a) := (1+z) a defines a locally Q p -analytic character of Z p . Given λ ∈ D la (Z p , E) we obtain a function F λ (z) := λ(κ z ) on X(C p ). F λ (z) is a rigid analytic function on X and can thus be expanded as a power series ∞ n=0 a n z n where a n ∈ E and lim n→∞ |a n |r n = 0 for all r < 1. If we denote the E-valued rigid analytic functions on X by O(X) := ∞ n=0 a n T n a n ∈ E s.t lim n→∞ a n r n → 0 ∀ r < 1 then it is known [1, Thm. where O(a + p n m Cp ) := n c n (T − a) n c n ∈ E, lim n→∞ c n r n = 0 ∀ r < |p| n .
By compactness of Z p we see that Given f ∈ a∈Z/p n+1 Z O(a+p n m Cp ) , the map ev f : Z p → E defined by restricting f to Z p is locally analytic and its Mahler series lies in F n . Conversely, every element of F n is obtained as the Mahler series of some g ∈ a∈Z/p n+1 Z O(a + p n m Cp ). The resulting map a∈Z/p n+1 Z O(a + p n m Cp ) → F n is a topological isomorphism.
Proof. The crux of the proof lies in estimating p-adic norms of x k for x ∈ a+p n m Cp . For such an x we write x = a + p n y, maximum-modulus principle allowing us to choose |p| < |y| < 1.
If we choose representatives of Z p /p n+1 Z p in Z p as a = b + p n+1 c with |c| = 1 then we have, (6.3) |x − i| = |a − i| i / ∈ a + p n+1 O Cp |p n y| i ∈ a + p n+1 O Cp p
